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ASYMPTOTIC BEHAVIOUR FOR WALL POLYNOMIALS AND THE
ADDITION FORMULA FOR LITTLE ¢-LEGENDRE POLYNOMIALS*

WALTER VAN ASSCHEt aAND TOM H. KOORNWINDER#

Abstract. Wall polynomials W, (x; b, q) are considered and their asymptotic behaviour is described
when g = c¢'/" and n tends to infinity. The results are then used to derive the addition and product formulas
for the Legendre polynomials from the recently obtained addition and product formulas for little g- Legendre
polynomials.
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1. Introduction. The Wall polynomials W, (x; b, q) are defined by the recurrence
formula

W,(x; b, q)={x~[b+q—(1+4q)bq"1q"} W,(x; b, q)
-b(1—g")(1-bg" ")g*"W,_,(x; b,q), n=0,1,2,---

(1.1)

with initial values W_, =0 and W,=1. Clearly W,(x; b, q) is a monic polynomial of
degree n in the variable x. Some properties of Wall polynomials are given in Chihara’s
book [4, p. 198]. These polynomials are closely related to the continued fraction

x (1-b)gx (1—-g)bgx (1-bg)q’x

1+ .
1+ 1 + 1 + 1 +

which was studied by H. S. Wall [16]. The Wall polynomials were also studied by
Chihara [5] because they have a Brenke-type generating function, i.e.,

(o) zﬂ
W, (x; b, q) 7————=A(z) B(zx),
n=0 (x q) (b; Q)n(q’ q)n (Z) (zx)
where
Alz)= e (_1yn n(n+l)/2__zn__= D)
(z) EO( 1)q (T2 (29; 9)w,
B(x)= 3 —

n=0 (bs Q)n(q’ q)n

We have used the notation
(b; @)n=(1=b)(1—bq) - - - (1=bg" ™),
(b; @)= lim (b; )3
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the latter limit exists whenever |g| < 1. From this generating function we easily find

n . ok
Wy(xs b,4) = (—1)"(b; q)g" 7 § 88— g )
(12) =0 (g5 9)n-k(q; g (b; q)«

=(=1)"(b; 9).a"" """ %¢:(g ", 0; b3 g, x),
where the g-hypergeometric (or basic hypergeometric [6]) function is defined by

X (ays Qi (@i @) z*
r+¢r(aa"'sar ;b’..'abl’; ’Z)z .
e T %=1 (bi; Qi - (b i (g5 )

If 0<g<1 and 0<b <1 then the Wall polynomials are orthogonal with respect to a
positive measure supported on the geometricsequence{q": n=1,2,3, - -} and we have

k

X ) ) b
T Wo(g" b, @) W(g" s b, q) =0, n#m
k=0 (g5 9«

The orthonormal polynomials are given by

-n(n+1)/2

(1.3) w, (x; b’q)sz"(q; R W.(x; b, q),

and they satisfy

14 (b e T wa(g*" b, @)wa(@* s b,9) ~__ Bum,  MmZ0
K=o (g59)

and the three-term recurrence relation (1.1) becomes

(1.5) xw, (x5 b, q) = @iy W1 (X5 b, @)+ baw, (3 b, q) + ayw,i(x; b, q)

with w_, =0, wy=1, and

a,=a,(b,q)=q"Vb(1-g")(1-bg"™"), n=1,23,--,
(1.6)

b,=b,(b,q)=q"[b+q—-(1+q)bg"], n=0,1,2,---.

Sometimes it is convenient to use the notation
bk
(g5 9«
so that wu(-; b, q) is the orthogonality measure for the Wall polynomials W,(x; b, q).
Recently Koornwinder [8] obtained the addition formula for little g-Legendre
polynomials by using the fact that the matrix elements of the irreducible unitary
representations of the quantum group S,U(2) (see, e.g., Woronowicz [17], [18]) can
be expressed in terms of little g-Jacobi polynomials (Masuda et al. [9], Vaksman and

Soibelman [13], Koornwinder [7]). The little g-Jacobi polynomials are defined in terms
of g-hypergeometric functions by

(1.7) (b5 @) 5) fg“h =J fz)du(z; b,q),  feC[0,1]
=0 0

n-+1,

pn(x; a,b|q)=2¢,(q7", abqg"""; aq; g, gx).

If a=q* and b=gq” then these little g-Jacobi polynomials approach the Jacobi
polynomials P{*#’(1-2x)/P{™#)(1) as q tends to 1 [1],[3]. If a=b =1 then we have
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the little g-Legendre polynomials. Notice that for b =0 we essentially have the Wall
polynomials:

—n(n+1)/2

x b q
W ==, 0lg ) =(=1)"—F—— W,(x; b, q)
P (q q lq) =1 (b; q)n

oy b"(q;Q)n}”zw -
- (B i)

The addition formula for little g-Legendre polynomials is

(1.8)

pm(q’; 1,1 q)p, (475 4%, 0]q)
=pm(q*™1,1]@)pm(q”; 1, 1|0)p,(a%; 4, 0 q)

k(y—m+k)

" (g, q)xey+i(( g5 Dmerd
=1 (4 Dxen( @ Dm-k(T5 D

Pm-1(a"; 4% "1 q)
(1.9)

Pmi(q”; 4% d"|@)pyer(d’; 4%, 0] q)
(45 9),(g5 @merg Y _—

+ Pk (47755 4% 4% |q)
2z, (4: 9y i@ Dmrlg; OF 77"

Pm-i(@ 755 % ¢l @)py-i(4%; 47, 0(q)

with x,y,z=0,1,2,+-. Rahman [11] has given an analytic proof of this addition
formula while Rahman and Verma [12] have given similar formulas for the continuous
g-ultraspherical polynomials. The right-hand side of the above formula can be con-
sidered as an expansion of the left-hand side in terms of Wall polynomials. For ¢ 11
we should get the familiar addition formula for Legendre polynomials (see, e.g., [2,
pp. 29-38]), but this limit involves some interesting asymptotic formulas for the Wall
polynomials W, (x; b, ¢/") with 0< ¢ <1 and n tending to infinity. This was the main
reason for investigating such asymptotic formulas for Wall polynomials.

In §2 we establish some weak asymptotics for Wall polynomials. In § 3 we show
how the addition formula for Legendre polynomials can be obtained from the addition
formula for little g-Legendre polynomials by letting g1, and in § 4 we obtain the
familiar product formulas for Legendre polynomials from the product formulas for
little g-Legendre polynomials.

2. Weak asymptotics for Wall polynomials. For little g¢-Jacobi polynomials
Pal(x; a,b|g) we can put a=gq“ and b=g® and let g1 1 to find Jacobi polynomials on
[0, 1]. However, if either a or b is zero, which is exactly what happens for Wali
polynomials, then the limit as g7 1 is (14 (x/(a—1))". Therefore another approach is
needed to handle the behaviour of Wall polynomials as g1 1. It turns out that we can
find some relevant results if we consider the polynomials W, (x; b, ¢'/") for n - co. We
will prove a more general result for orthonormal polynomials { pi(x; n): k=0,1,2,---;
neN}, where k is the degree of the polynomial and n an extra (discrete) parameter.
The recurrence formula for these polynomials is given by

(2.1) xpi(x; 1) = Qs pPrr (X5 1) + by, pr(x; 1) + @y pr—y (x5 1),

where a; , >0, b, €R, po(x; n)=1, and p_,(x; n) =0. Orthogonal polynomials with
regularly varying recurrence coefficients [15] are of this type.
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THEOREM 1. Assume that [r, s] is a finite interval that, Sor all n, contains the support
of the orthogonality measure for { p,(x; n)}. Assume moreover that

(2.2) lir{)lC ap,=A>0, lim b,,=BeR
and that
(2.3) o lim (@i —aia) =0, lim (b= bio) =0,

uniformly in k, then

. Pari(x; n) (x-—B)
2.4 1 =
24 x pxin) P\ 24 )

uniformly on compact sets of C\[r, s], where p(x)=x+vx>—1 (the square root here is
defined to be the one for which |p(x)|>1 for xe C\[-1, 1]).

Proof. Let K be a compact set in C\[r, s]; then the distance between K and [r, 5]
is strictly positive. Denote this distance by § > 0. A decomposition into partial fractions
gives

_(x; kod,
Pri( n)=ak,,, 5 ik ’
pi(x; n) JEUX T Xk
where {x; : 1 =j = k} are the zeros of p,(x; n) and {d;,: 1 =j = k} are positive numbers
adding up to 1. Since all the zeros of p(x; n) are in [r, s] we have |x—x;,|> & for
x € K and therefore

Pa(x;n)|  an
pk(x1 n) 8
holds uniformly for x € K. Consider the Turdn determinant

(2.5)

Qi +1,n

Dy (x; n) = pi(x; n) - p

Pr+(X; n)pi—y(x; n).

k,n
By using the recurrence relation (2.1) we find

by n—bi_1n
L (x5 m) P (x5 n)
ak.n

Dy (x; n)= Dy_,(x; n)+
(2.6) o
kel o(x; m)pi(x; n)

Ay nQk—1,n

(see [14, Thm. 4.10, p. 117]). If we define

Re,(x)= D, (x; n)
S D (x; m)pi(x; n)’
then by (2.6)
D1 (X3 )| [Brn = brcval | Proa(x5 1)
= +

[Ricn ()] £ [ Ry () Pre(x; 1) a Pra(x; 1)

+lai,n—ai-l,nl Pk—2(x; n)

ak,nak—-l,n pk-i-l(x; n) ’

so that by (2.5) we have for xe K

ak+1_n

53

ak+1,n

52

+|ain = ak-1.l

nQ n
R (0] = 25225522 R, ()] b1 = B
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By the conditions imposed there exists a constant C such that a; , < C for every n
and k (cf. [4, Chap. IV, Example 2.12]). Therefore, by (2.3),

C 2
le,n(x)lé(g) IRk—l,n(x)‘+An’ X € K7

where A,, >0 as n- 0. Iteration gives
(Cc/8)" -1
" (C/8)* -1

If 6> C then obviously R, ,(x)—>0 as n-> 0 (use IRO,,,I =|po(x; n)/pi(x; n)| < a, ,/98),
which by (2.2), (2.3), and (2.5) leads to

R, .(x)|=A +|Ro . (x)|(C/8)*, xe K.

. pa(x;n)  paa(x;n)
2.7 lim - =0
2.7 n-x | po(x;n)  pu(x;n)

)

uniformly for xe K (provided > C). By (2.5) the sequence of analytic functions
Pa(x; 1)/ pusi(x; n) is uniformly bounded on compact sets of C\[r, s] and thus there
exists a subsequence converging to some function L(x), uniformly on K. Use the
recurrence formula (2.1) and the properties (2.2), (2.3), and (2.7) to find that this limit
satisfies

A
x=m+B+AL(x),

and since | p,(x; 1)/ pasi(x; n)| < C/8 <1 for xe K by (2.5) we have

(D)
Lx) P\2a )

This gives the result for 8 > C. This can be extended to hold for >0 by using the
Stieltjes-Vitali theorem (cf. [4, p. 121]) and the uniform bound (2.5). O

Remark. The asymptotic behaviour actually holds uniformly on compact sets of
C\Q, where Q is the closure of the set of zeros of p,(x; n) as n runs through the
integers. Clearly, Q) is a subset of [r, s] since the zeros of p,(x; n) are all inside the
interval [r, s]. The condition that the joint supports of the orthogonality measures
should be contained in the finite interval [r, s] can also be relaxed. Only the zeros of
pi(x;n)(k=n+1,n=0,1,2,---) must lie in [r, s].

COROLLARY 1. Suppose 0<b<1 and 0<c<1. Then

. Wa(x; b, c") x—=[b+1-2bc]c )
2.8 im—
(28) Qi W, (x; b, c/") 2¢vb(1—=¢)(1-bc)

={b(1-¢)(1=be)c’}*/*p" (
uniformly on compact sets of C\[0, 1].
Proof. The proof follows immediately from

. 1/n
Wari(: 5, ¢ 1/,).)‘{b(1 —e)(1 ~bc)c2}”2p<

lim
n=w n+k—](x; b,c

x—[b+1-2bc]c )
2¢vb(1—=c)(1=bc)/)’
which in turn can be proved by using Theorem 1 with recurrence coefficients ay , =
ai(b, c'’") and b, = b (b, /") given by (1.6). O

COROLLARY 2. Suppose 0<b<1 and 0<c<1. Then

- Paci(z; b,0[c") k{bu—c)}’*“ k( z—[b+1—2bc]c>
(29) ’111210 pa(z; b,0]c"") =1 1—-bc 2¢vb(1—¢)(1-bc)
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uniformly for z on compact subsets of C\[0, 1], where pa(x; a, b|q) are the little q-Jacobi
polynomials.

Proof. This follows immediately from (1.8) and Corollary 1. g

It is important in the asymptotic formula (2.4) that the variable x stays away from
the zeros of p,(x; n). On the set Q, the closure of the zeros of pn(x; n), the orthogonal
polynomials will oscillate. The following theorem gives a result about the weak
convergence of measures involving the polynomials p,(x; n) on [7, 5] in terms of their
orthogonality measures.

THEOREM 2. Assume that [r, s] is a finite interval that, for all n, contains the support
of the orthogonality measure ., for the orthonormal polynomials {p,(x;n): k=
0,1,2,- - -}. Assume, moreover, that for all ke Z
(2.10) }'er.}o Aniin = A, lim b, ., = B;

n-=->o

then for every continuous function f on [r, s]

1 j PP (T (2= B)/QA))
p2a  V4A-(z-B}
where T,(x) are the Chebyshev polynomials of the first kind.

Proof. We follow the ideas of Nevai and Dehesa [10, Lemma 3]. Let m be a
positive integer and apply the recurrence formula (2.1) repeatedly to get

llm j' f(z)Pn(Z; n)pn+k(z; n)d/.L,,(Z)=

n-»oo r T

m . = .. .
z Pn(Z, n)= Z Xy nt+ky Xtk n+k +ksy an+k‘+-<~+k,,,_,,n+k|+~~~+k,,,pn+kl+---+k,,,(zv n),
k=1
Lm

I

-1
i=1

[

where
a, ifk=j-1,
@r={b. k=]
Qyy, fk=j+1

Hence
s
J ZmPn(Z; n)pn+k(z; n)d,u'n(z) = an,n+k,an+k,,n+kl+k3 e an+k,+~-+k,,,,|,n+k-
'
kit ky, =k

Because of this equation and by (2.10) it follows that the limit as n->o of
15 2™p.(z; n)pusr(z; n)dua(z) is the same as the limit of
1 Braa (z—B) (z—B) . ,

1 mU (Z=2) U, 52 ) VaA = (z - B)? dz

247 L-M U\ 24 ) Y 2 (z=B)
since the Chebyshev polynomials of the second kind U, ((z— B)/2A) are the orthogor}al
polynomials with constant recurrence coefficients a, = A and b, = B. Use the identity

1 T(x) = TonsrialX)

Un(x)Un-Fk(x):E l‘xz

to find
B+2A _B _ B - .
EAI_Z_ J z2"U, (—2—27> U,k (Z—ZA—) JaA® = (z- B) dz
T JB-24
74T (2= B)24) 1 J P 2" Tnia((z = B)2A)

B-2A V4A®—(z - B)’

1

T L_M JaA—(z-B)} =«
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If 2n+k+2>m then the second term on the right-hand side vanishes because of
orthogonality, and thus we have the result when f(x) = x™. The general result follows
from the Hahn-Banach theorem: let the operators L, ,(k,n=0,1,2,- - -), defined on
the Banach space C[r, s] of continuous functions equipped with the supremum norm,
be given by ‘

Linf= J F(2)pa(z; 1)Pnsi(z; 1) dpn(2).
These are uniformly bounded operators because, by Schwarz’s inequality and the

orthonormality,
2

j f(Z)Pn(Z', n)pn+k(z; n) d/“‘n(z)

= r |f(2) pa(z; n) dun(z) j |/(2)| prsi(z; n) dpn(2)
<1713

Now use Weierstrass’s result that the polynomials form a dense subspace of
Clr, s]. O
COROLLARY 3. Suppose 0<b <1 and 0< c¢<1. Then for every continuous function

fon [0,1]

1
lim J‘ S(2)w,a(z; b, "W, ii(z; b, ") du(z; b, c'™)

-0
n 0

_}_J””"f(z)Tk«z—B)/(zA)
B-2A V4A2"(Z_B)2
where A=cvb(1—c)(1—bc), B=(b+1—-2bc)c, and T,(x) are the Chebyshev poly-
nomials of the first kind.

Proof. The proof follows because the Wall polynomials w,(x; b, ¢ '") satisfy the

conditions of Theorem 2, with recurrence coefficients a, , = a, (b, ¢'/") and b, (b, ¢'’'")
given by (1.6). 0

3. The addition formula. The little g-Legendre polynomials p,(z; 1, 1]q) and the
Wall polynomials p,(z; a, 0|q) are analytic functions of z and the addition formula
(1.9) holds for every ze{q": n=0,1,2, -} (which is a set with an accumulation
point). Therefore it follows that

Pm(z;1,1]9)p,(z; 4%, 0] q)
=pnu(q*™; 1,1|9)pm(q”; 1,1]q)p,(2; 4%, 0| q)

i3 (45 @)xy+(qs q)m+kq"(y"":"’
k=1 (45 @)y (@ @) m-1(q; @)
Pm-i(@”5 4" 9| @)Dy +i(2; 47,01 q)
m (45 9),(g5 Qmerg T ek kK
1 (45 @y 8 Dm-r( g5 Ok Proi @™ 05 4 )
Pmi(@77%5 4% 4" 19)py-i(2; 4%, 0] @)
holds for every ze C and x,y=0,1,2,- - -. It is well known that
(32) lim pu(z; 4%, ¢° [q) = R,"*(1-22),

dz,

T

1/n

x+y,

Pm—i(q"7; 4% 4" q)

(3.1)
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w}(1ae£<)3 R{~B )8‘;)33 are J?cobi polynomials with the normalization R'**'(1)=1, i.e.,

Rni .(x).= PP(x)/ PiP(1). Fix b, ¢ in (0, 1) such that log b/log ¢ = 8/ with B, y

positive integers, substitute in (3.1) g=5b""""'=¢""Y' x=nB, y=ny, and let n >

through the integers. Then by (2.9), (3.1), and (3.2) ' ’
ROV(1-22)= R (1-2be) RSO (1-2b)

m (m+k)!

+ kél TR (1=be) "R ) (1~2be)RER (1 -2¢)

_(_l)k{g(_l_—c_)}"” k( z—[b+1—2bc]c>
1—-bc 2¢vb(1=c)(1-bc)
m (m+k)
k=1 (m—k) !(k!)z
-(—1)"{ 1-be }’*’/Zp_k< z—[b+1—2bc]c>
b(1—c¢) 2evb(1=c)(1-bc))’
Now use the formula T, (x)=[p*(x)+p *(x)]/2; then
RO(1-22) = R(1-2bc) Ry (1-2b)
m (m+k)!

— k—-—-—-——-—
+2k§1( b (m—k)!(k!)?

(1=c)*(be) R (1 —2be) RIF)(1-2¢)

*[b(1=¢)(1—be)]*?

'R(rf’-kk’-(l—2bC)R‘,,’?f£(1—zc)Tk( z-[b+1-2bc]c )

2¢vb(1—)(1-bc)
Finally, choose
1-2z =xy~\/—1_——? 1-y°t,
1-2bc=1x,
1-2c=y;
then
RS (xy V1= xV1-y71) = RRV()RG()
42 § (e R VT
K1 (m—k) (k)
RGO RLE (D) T(0),
which is the familiar addition formula for Legendre polynomials. By our method of

proof this formula only holds for 1€ C\R (because we use Corollary 2), but since all
the functions considered are analytic in ¢, the result definitely holds for every € C.

4. Product formulas. If we multiply both sides of the addition formula (1.9) by
P+x(q% 4% 0]g)g" "%/ (g; q)- and sum from z=0 to o, then by the orthogonality
(1.4) and by (1.8)

(x+1)z

- z z P z X q
S o5 1,1 @)p, (a7 450l @)Py(d™s 4% 019) 7
z=0 (q q)z

3

k(y—m+k)

= ( q; q)x+y+k( q; q)m+kq

P (@55 4% 45| Pm-i(q”; 4% 4" D)
(45 Dxer( @5 Dmi( @ D * ,

(x+1)z

- 2 z x
- 5 ’O s
Z§OPy+k (q q Iq)(q; q)z
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which holds whenever k€{0,1,-- -, m}. In terms of orthonormal Wall polynomials
we have by (1.8)

Po—i(@*5 4" 4| D) Pm-i(q”; 4~ 4"|q)

(‘IQ q)mfk(q; Q)i q_k('v-H(—m) {q_k(x_H) (q; q)‘(q’ q)x*_y }1/2
(45 Qm+k (45 @)y+1( Q5 @xryin

(4.1) =(-1)*

(g Qe L P L1 @ (g7 5 g%, q)

z=0

(x+1)z

z+1 x+1 q
) ,
g 0.

which can be considered as a product formula for the little g-Legendre polynomials

and which (for k=0) is equivalent with the product formula given by Koornwinder
[8]. If we use the notation (1.7) then

}+k(q

(x+1)z

q
(g5 9):

! Z < X X
=J P (;; 1,1 Iq>wy(z; g, Oweei(z; 65, q) du(z; ¢*7, q).
0

(47 q) Z Pu(q5 L H@)w, (47 0™, @wyni (a7 97, q)

Fix b, ¢ in (0, 1) such that log b/log c=B/y with B and y positive integers and let
q=b""F =" 1+ x=ng, y=ny. Then as n- o0 we have by Corollary 3 and by
the uniform convergence in (3.2) (keep in mind that p,,((z/q); 1, 1|g) is a polynomial
of degree m)

x " S(m=k)1(k) 2
R(nf‘fﬁ(l—be)R(n'I’fﬂ(l—26)=(—1)k%c"k{b(l—c)(l~bc)}"/'
lJ'B+2A RO~ 2 )T,\((z B)/ZA)
mdpan m

where A=cvb(1—¢)(1—bc) and B=(b+1—-2bc)c. Setting bc=x, c=y gives the
familiar product formulas for Legendre polynomiaIS‘

(kl\) (kk)
m k(l 2X)R (1 2)’) ( +k)'

{ xy(1—y)(1—x)} "2

Nz — 2
L j 12 BBV
T JB-24 4A2"(Z'“B)'
with A =vxy(1—x)(1—y) and B=x+y —2xy.
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